The effect of nonlinear mode coupling on the stability of toroidal Alfvé n eigenmodes A cylindrical model of a tokamak is used to describe the nonlinear coupling between Alfvén waves and sound waves. The model is applied to the case of a toroidal Alfvén eigenmode ͑TAE͒ driven unstable by fusion alpha particles to explore its relevance to the nonlinear saturation of such modes, which can produce a loss of alpha particles in a burning plasma. The mechanism is the modulational instability of a finite-amplitude wave, in this case a TAE mode, in which a density fluctuation and Alfvén sidebands are spontaneously excited when the finite-amplitude wave exceeds a threshold amplitude. In general, such a nonlinear calculation in a bounded inhomogeneous plasma would require a numerical solution. However, in the present case, an approximate analytic solution is derived by making use of the fact that the sound wave is logarithmically singular on a particular magnetic surface. The calculation is therefore carried out on the magnetic surface on which the TAE instability is centered and a nonlinear dispersion relation is derived. The threshold for the modulational instability yields a value for the ratio of the perturbed radial component of the magnetic field to the equilibrium magnetic field, which is comparable to the saturated amplitude of a TAE instability obtained by other workers. In addition, the nonlinear dispersion relation also includes a resonant case for which the threshold can be significantly lower. The present, heuristic calculation suggests that the modulational instability may indeed be relevant to the evolution and eventual saturation of a TAE instability.
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I. INTRODUCTION
Shear Alfvén waves are modes of a magnetized plasma. For the ideal magnetohydrodynamic ͑MHD͒ model in cylindrical geometry shear Alfvén waves form a continuous spectrum. When toroidal effects are included two neighboring poloidal harmonics are coupled, producing a gap in the continuous spectrum and resulting in a mode in this frequency gap. 1 These gap modes are referred to as toroidal Alfvén eigenmodes ͑TAE͒. Because a TAE mode occurs in a gap in the continuous spectrum, it is less susceptible to continuum damping and is therefore a likely candidate for instability. In particular, Fu and Van Dam 2 have shown that TAE modes can be driven unstable by resonant interaction with fusion alpha particles that are concentrated in the center of a discharge, the region where they are predominantly born. Such TAE instabilities driven by fusion alpha particles have recently been identified 3 in the Tokamak Fusion Test Reactor ͑TFTR͒, 4 although no associated loss of alpha particles was observed. It is believed that alpha-particle-driven TAE instabilities are likely to occur in the International Thermonuclear Experimental Reactor 5 ͑TER͒, which may be a threat to alpha-particle confinement in ITER. A question that then arises is what are the possible saturation mechanisms of these instabilities and what is the resulting saturation amplitude. This is an important question, since if the saturated amplitude of the fluctuating magnetic field is too high, the instability would produce rapid loss of the energetic alpha particles, resulting in a significant reduction in the heating to which these particles would otherwise contribute.
There are a number of possible saturation mechanisms. One such mechanism is the trapping of the alpha particles in the finite wave amplitude. This process has been analyzed by Berk and Breizman. 6 Another class of saturation mechanisms involves the excitation of other waves by the large-amplitude field that results from the instability. The energy that drives the instability is therefore transferred to other modes of oscillation, resulting in saturation of the finite-amplitude mode.
Calculations of this type have been carried out by Vlad et al., 7 Spong et al., 8 and Hahm and Chen. 9 In the latter calculation two different TAE modes, centered on neighboring magnetic surfaces, beat to produce a low-frequency density perturbation. The unstable TAE modes are therefore saturated by the excitation of a spectrum of density perturbations.
The present calculation is related to that of Ref. 9, in so far as the energy from the TAE instability is coupled to a low-frequency density perturbation. However, the mechanism to be described in this paper possesses a number of significant differences. The first is that it only requires a single TAE mode. It does not even require explicit recognition of the existence of two coupled poloidal harmonics other than to specify the frequency of the TAE mode. In Ref. 9 , the two independent TAE modes on neighboring magnetic surfaces are required to have significant spatial overlap. This is not required in the present calculation, which refers only to the magnetic surface on which the TAE mode is centered. Whereas the density perturbation discussed in Ref. 9 is a driven mode requiring both TAE modes to reach a rather large amplitude, ␦B r /B 0 Շ10 Ϫ3 , the density perturbation considered here arises spontaneously when the TAE mode exceeds a critical amplitude. Such nonlinear finite-amplitude instabilities of Alfvén waves have been analyzed earlier for simple uniform plasmas. 10, 11 In general, the calculation of such nonlinear couplings in a nonuniform plasma is extremely involved and would require a numerical solution of the governing equations. However, there is one special feature of low-frequency sound waves in ideal magnetohydrodynamics ͑MHD͒, which enables an approximate analytic calculation to be carried out. Such a calculation provides insight into the relevance of such finite amplitude instabilities as saturation mechanisms. The feature utilized is that sound waves form a continuum of modes, each of which propagates along the equilibrium magnetic field with a frequency and parallel wavelength corresponding to the sound speed associated with a particular magnetic surface. The mechanism to be analyzed here can be described as follows.
Consider the magnetic surface where two poloidal harmonics (m a ,n a ) and ͑m a ϩ1, n a ͒ are coupled toroidally to produce an Alfvén gap mode. The TAE mode is therefore centered on the qϭ(m a ϩ 1 2 )/n a surface and is assumed to be driven unstable, for example, by energetic alpha particles. A low-frequency sound fluctuation with frequency and poloidal and toroidal mode numbers (m h ,n h ) is assumed to occur on the same magnetic surface. Initially, the low-frequency sound perturbation is at noise level. The finite-amplitude Alfvén wave beats with the sound perturbation to produce sidebands with frequency a Ϯ and wave numbers k a Ϯk h . In general, these sidebands will be driven, or forced, modes but they can also beat with the finite-amplitude TAE mode to reinforce the low-frequency sound perturbation, thus closing the feedback loop. Following this procedure an equation for the low-frequency sound wave can be obtained that contains an additional term proportional to the intensity of the TAE wave. This equation can be linearized by assuming the amplitude of the TAE mode is much larger than the amplitudes of the other perturbations. With this assumption the equation can be solved for the threshold of the modulational instability of the TAE mode.
The significance of this mechanism for the saturation of a TAE instability is as follows. A TAE instability will grow until its amplitude reaches the threshold for the modulational instability. At this amplitude, the TAE instability will cause a low-frequency density fluctuation and Alfvén sidebands to begin to grow. The energy driving the original TAE instability will now be transferred to these other fluctuations and there will be no further growth of the TAE wave amplitude that will remain close to the modulational threshold.
In carrying out this procedure a number of approximations must be made. The most important of these is the retention of only those coupling terms that yield the highest ͑namely second͒ radial derivatives of the amplitude of the low-frequency perturbation because it is singular. The final result comes from the consistency condition that the modified low-frequency fluctuation should be singular at the position of the maximum of the TAE wave, i.e. that the coefficient of the second-order derivative should equal zero on the magnetic surface on which the TAE mode is centered. The essential assumption is that the TAE wave and all the coupled modes should have radial eigenfunctions that are highly localized on the original magnetic surface. Our final result shows that the effect is most significant for high values of m a for which the assumption of radial localization is well satisfied.
The plan of the paper is as follows. In Sec. II it is argued that the cylindrical, screw pinch model is an adequate approximation of the tokamak to represent the nonlinear coupling. A toroidal model is only required to establish the finite-amplitude TAE mode, but is not necessary for the nonlinear coupling. The equations of ideal MHD are written in a form with the linear terms on the left-hand side and the nonlinear coupling terms on the right-hand side. These equations are then used to obtain a generalized Hain-Lüst 12 equation that is modified from the linear version by the inclusion of the nonlinear coupling terms. In Sec. III the nonlinear HainLüst equation is used to obtain the equations for the sidebands and the equation for the low-frequency density perturbation. In Sec. IV we describe the approximate integration of the sideband equations and the derivation of the final form of the low-frequency equation, which then yields the dispersion relation for the modulational instability of the TAE mode. A summary and conclusions are given in Sec. V.
II. THE NONLINEAR MODIFICATION OF THE HAIN-LÜ ST EQUATION
The aim of this calculation is to obtain an estimate for the critical amplitude of a toroidal Alfvén eigenmode to become modulationally unstable. If this amplitude is low enough, then this mechanism could be important in determining the saturated amplitude of a TAE mode driven unstable by fusion alpha particles. In order to describe this process we must use the compressible equations of ideal MHD so that the sound waves are included in the model. However, the nonlinear coupling mechanism considered here does not depend on toroidal effects. It is therefore sufficient to analyze a cylindrical model of a tokamak plasma. For this purpose it is convenient to consider the screw pinch where the linearized eigenmode equation was first obtained by Hain and Lüst. 12 In deriving a nonlinear version of this equation, the method and notation given by Freidberg 13 has been closely followed. The equations of ideal MHD can be written as ‫ץ‬v ‫ץ‬t ϩ͑v-" ͒vϭϪ"pϩ 1 0
where ks units are used and all symbols have their usual meaning. These are the fully nonlinear equations. The variables v, B, , and p are now written as a sum of an equilibrium part and a perturbation, i.e.
BϭB 0 ϩB 1 . ͑5͒
Note that there is no equilibrium flow, i.e. v 0 ϭ0. The governing equations are now written with the linear terms on the left-hand side and the nonlinear terms on the right-hand side, giving
where we have retained only quadratic nonlinearities. Following the procedure outlined in Ref. 13 , we introduce the plasma displacement vector , where
The displacement is decomposed into the vector components
Similarly,
where
, and ê r is the unit vector in the radial direction. Using Eqs. ͑10͒-͑14͒, we can obtain the variables B and B ʈ from Eq. ͑8͒, giving
The prime in Eqs. ͑15͒ and ͑16͒ denotes a radial derivative. The equations for B and B ʈ consist of the linear terms given in Ref. 13 with additional nonlinear terms. Only the nonlinear terms with radial derivatives have been included in Eqs. ͑15͒ and ͑16͒ for reasons to be discussed below. The equation for B 1r is unchanged since the nonlinear terms in the radial component of Eq ͑8͒ do not involve any radial derivatives. Thus
The quantities F and G are given by
where all perturbed quantities vary as Q 1 ϭQ 1 (r)exp͓i(m ϩkzϪt)͔. The next step is to use the equation of motion to obtain equations for and ʈ in terms of r and (r r )Ј and the corresponding nonlinear coupling terms. The equations for and ʈ are as follows:
Note that Eqs. ͑20͒ and ͑21͒ also contain nonlinear coupling terms proportional to 1 ‫ץ(‬ 2 /‫ץ‬t 2 ) and 1 ‫ץ(‬ 2 z /‫ץ‬t 2 ). These have been included because such terms were found to be significant in a similar calculation for a uniform plasma. 11 Using Eq. ͑9͒, we obtain
where the nonlinear terms have been neglected, since their contribution to the final form of the equations was found to be unimportant. The desired equations for and ʈ can be put in their final form by substituting Eqs. ͑15͒-͑17͒ and Eq. ͑22͒ into Eqs. ͑20͒ and ͑21͒, giving
where k 0 2 ϭk 2 ϩm 2 /r 2 , and L and N are the nonlinear coupling terms coming from Eqs. ͑15͒, ͑16͒, ͑20͒, and ͑21͒. The expressions for L and N are given in the Appendix. However, we shall find that the nonlinear coupling is dominated by a small number of terms. To derive the Hain-Lüst equation with its nonlinear modifications, Eqs. ͑23͒ and ͑24͒ must be solved for and ʈ , giving
and
The solutions for and ʈ given in Eqs. ͑25͒ and ͑26͒ are valid provided D 0. We shall return to this point later.
The final form of the nonlinear eigenmode equation is obtained from the radial component of Eq. ͑6͒, which is
where only those nonlinear terms possessing radial derivatives have been included. Substituting Eqs. ͑15͒, ͑16͒, ͑22͒, and ͑26͒ into Eq. ͑27͒, we obtain
where M represents the nonlinear terms in Eq. ͑16͒. The nonlinear terms in Eq. ͑28͒ come from (d/dr)(B 0 B ʈ / 0 ), except for the last term, which arises from the radial component of the equation of motion. The other nonlinear term in this equation is much smaller and has been neglected. These are the terms that result in coupling terms proportional to the required second-order radial derivatives. The quantities A and C are the same as given by Hain and Lüst, 12, 13 and are
͑30͒
It is well known that the linear Hain-Lüst equation possesses singular solutions when 2 ϭ a 2 and 2 ϭ h 2 . These are the shear Alfvén and sound continua. Appert et al. 14 
III. THE NONLINEAR COUPLING EQUATIONS
The nonlinear generalization of the Hain-Lüst equation will now be used to analyze the stability of a finite-amplitude TAE mode. A TAE mode results, for example, from the toroidal coupling of a poloidal harmonic of mode number m with another poloidal harmonic with mode number m ϩ1. Both poloidal modes have the same toroidal mode number n. In cylindrical geometry the m and mϩ1 poloidal harmonics are independent and both belong to the continuous spectrum of the shear Alfvén wave. Thus, the poloidal modes satisfy the condition 2 ϭk ʈ 2 ͑ r ͒c A 2 ͑ r ͒, ͑31͒
͑32͒
The TAE mode exists in the frequency gap caused by the coupling of the m and mϩ1 harmonics where the unperturbed frequencies cross, i.e. 
͑33͒
Hence, the TAE mode resulting from the toroidal coupling of the m and mϩ1 modes is centered on the qϭ(mϩ1/2)/n surface. The two coupled poloidal harmonics have the same parallel wavelength but propagate in opposite directions along the magnetic field. The parallel wave number of the m harmonic is k ʈ (r)ϭ1/2q(r)R and for the (mϩ1) harmonic k ʈ (r)ϭϪ1/2q(r)R.
The finite-amplitude TAE mode is therefore assumed to vary as
and the radial position where k ʈ and c A are evaluated is, of course, the qϭ(m a ϩ1/2)/n a surface. The TAE mode is assumed to exist at finite amplitude due to some unspecified means, although we have in mind the TAE instability due to fusion alpha particles. In discussing the nonlinear stability of such a finite-amplitude TAE mode, attention will be focused on the (m a ,n a ) component. It will be seen that the analysis will be equally applicable to the ͑m a ϩ1, n a ͒ component. The mechanism to be analyzed has been discussed previously for the case of a uniform magnetic field in which only one-dimensional variation was considered. 11 The present case is much more complicated since the problem is three dimensional and the equilibrium is radially nonuniform. However, it is possible to make analytic progress by taking advantage of the singular nature of the sound waves in ideal MHD. Hence, a density fluctuation is assumed to occur due to noise in the low-frequency spectrum of sound waves. As already mentioned, in ideal MHD sound waves form a continuum whose frequencies are given by
. The density fluctuation is assumed to occur on the qϭ(m a ϩ1/2)/n a surface, where the TAE mode is centered. The sound perturbation is localized on the surface and propagates along the magnetic field at the sound speed on the surface. However, the properties of the low-frequency sound wave will be modified due to the presence of the TAE mode. In particular, the TAE mode can beat with the sound wave to produce Alfvén sidebands with frequencies Ϯ a , where is the frequency of the lowfrequency density fluctuation. The density perturbation is assumed to have poloidal and toroidal mode numbers (m h ,n h ) so that the sidebands will have m h Ϯm a and n h Ϯn a poloidal and toroidal mode numbers. The Alfvén sidebands will be nonresonant, i.e. driven modes, in general. The generated sidebands can also beat with the TAE mode to regenerate the assumed low-frequency density perturbation. Hence, if the sideband fields can be obtained, then a nonlinear equation for the low-frequency sound wave describing its behavior in the presence of a finite-amplitude TAE mode can be derived.
The first task, therefore, is to obtain the equations for the sideband modes. These can be obtained from Eq. ͑28͒. By comparing the various nonlinear terms on the right-hand side of this equation, it has been found that there is one term coming from the quantity N that is dominant. This is the term (B 0z /B 0 ) 1 ‫ץ(‬ 2 /‫ץ‬t 2 ) that originates in Eq. ͑20͒, the component of the equation of motion. The dominance of this term arises because the density perturbation l is one of the main perturbations associated with the sound mode and is the most important displacement of the shear Alfvén wave. Clearly, the sidebands must be driven by the beating of a sound wave fluctuation and an Alfvén wave field. In addition, (B 0z /B 0 )ϳ1. The equations for the sidebands can therefore be approximated by
where 1 h is the perturbed mass density associated with the sound fluctuation and a denotes the displacement produced by the (n a ,m a ) component of the TAE mode.
The equations for the sidebands r Ϯ can be written as
and C Ϯ are the corresponding quantities to Eq. ͑30͒ with → Ϯ , although we shall not make explicit use of these quantities. Also,
The frequencies aϮ , hϮ , f Ϯ , and sϮ are given by
and q(r) always refers to the qϭ(m a ϩ1/2)/n a surface and r to the radius of this surface. 
͑57͒
where the factor 2 in the denominator of Eqs. ͑57͒ comes from the requirement to take the real part explicitly for the product of complex quantities.
To complete the system of coupled nonlinear equations, the corresponding equation for the low-frequency density fluctuation must be obtained. This will also be derived from Eq. ͑28͒, but with different nonlinear terms. Again keeping only nonlinear terms with radial derivatives, it is found that the dominant coupling terms come from the components of the convective derivative and the (J 1 ؋B 1 ) force in the equation of motion and the radial component of the J 1 ؋B 1 force, i.e. the last term on the right-hand side of Eq. ͑28͒. In this ϭcase the coupling terms must consist of products of sideband quantities and fields associated with the finiteamplitude shear Alfvén wave. The nonlinear low-frequency equation for the sound perturbation is therefore given by
where Similarly, the following relations hold;
Since a is the most significant displacement for an Alfvén perturbation, Eq. ͑15͒ gives
Again, retaining only the derivative of the radial displacement in Eq. ͑26͒,
Substituting Eqs. ͑60͒-͑65͒ into Eq. ͑58͒ yields the required low-frequency equation,
where only the radial derivative yielding a second-order equation has been retained.
IV. THE NONLINEAR DISPERSION RELATION
The solution of the coupled equations given by Eqs. ͑55͒, ͑56͒, and ͑66͒ would be very difficult and could only be obtained numerically. In the uniform model 11 the corresponding equations were Fourier analyzed, giving algebraic equations. In the present three-dimensional, nonuniform system an approximate nonlinear solution can be obtained by making use of the localization of the sound wave, due to its singular nature, on the qϭ(m a ϩ1/2)/n a surface, where the finite-amplitude TAE mode is centered. Thus, returning to Eqs. ͑55͒ and ͑56͒, it is assumed that because r h is singular the equations are dominated by the rapid variation of this quantity. With this assumption Eqs. ͑55͒ and ͑56͒ can be integrated approximately, giving
The approximate solutions given in Eqs. ͑67͒ and ͑68͒ may now be substituted into Eq. ͑66͒, giving
The nonlinear dispersion relation is now obtained from the consistency condition that the low-frequency sound wave is a singular mode in the presence of the finite-amplitude TAE mode. This requires the coefficient of (d 2 r h /dr 2 ) in Eq. ͑69͒ to equal zero on the original magnetic surface, q a ϭ(m a ϩ1/2)/n a . Hence, the dispersion relation is
which is a local dispersion relation referring to the qϭ(m a ϩ1/2)/n a surface. Substituting for A Ϯ , D Ϯ , ␤ Ϯ and A h from Eqs. ͑38͒, ͑40͒, ͑57͒, and ͑59͒, respectively, into Eq. ͑70͒, the equation becomes
where Ϯ ϭ a ϮӍ a . In order to put Eq. ͑71͒ into its final form, we use the result
and introducing the wave number k through the relation
we can write
The final form of the nonlinear dispersion relation is now obtained by substituting Eqs. ͑35͒ and ͑41͒ for a 2 and aϮ 2 and Eqs. ͑72͒-͑76͒ into Eq. ͑71͒,
The dispersion relation given in Eq. ͑77͒ has a structure similar to the corresponding uniform case. 11 This was partly expected because of the treatment of a singular mode on a particular flux surface. For the choice made of positive toroidal mode numbers and negative poloidal mode numbers, the values of k ʈ will usually be positive and those of k negative. It is clear that k 0a 2 Ϫk ʈ a 2 Ͼ0 and k 0ϩ 2 Ϫk ʈ a 2 Ͼ0. It is also the case that k 0Ϫ 2 Ϫk ʈ a 2 Ͼ0, except for a particular choice of mode numbers such as m h ϭm a . Thus, both terms in Eq. ͑77͒ related to the finite-amplitude TAE mode will be negative when k ʈ Ϫ Ͼk ʈ a , where
͑78͒
The singular density perturbation will therefore be unstable for k ʈ Ϫ Ͼk ʈ a when ͉d r a /dr͉ is above the threshold implied by Eq. ͑77͒. Above this threshold, not only the density fluctuation grows in time but also the driven sideband modes. The general expression for the threshold amplitude will be rather complicated. As an example, we therefore evaluate the threshold for a specific case where k ʈ h ϭ3k ʈ a corresponding to toroidal and poloidal mode numbers for the density perturbation n h ϭ3n a , m h ϭ3m a . For these conditions k a Ӎm a /r, k h Ӎ3m a /r and k ϩ Ӎ4m a /r, k Ϫ Ӎ2m a /r, where use has been made of the tokamak ordering B 0z ӷB 0 and r/RӶ1. With these assumptions we find k 0a 
This is to be compared with a value of 10 Ϫ3 obtained in Ref. 9 . However, as we shall indicate in a moment, the threshold value given in Eq. ͑81͒ can be significantly lower than this typical value. Hence, the modulational instability of a TAE wave is a possible mechanism for the saturation of the initial instability. The result of the modulational instability would be to produce a purely growing ͑zero-frequency͒ density perturbation on the flux surface on which the TAE mode is centered. The sideband magnetic fluctuations that would also grow, due to the modulational instability, would cause a spatially periodic modulation of the magnetic field fluctuations of the initial TAE mode. These fluctuations would be strong in regions of low density and weak in regions of increased density.
The threshold amplitude given in Eq. ͑81͒ has been obtained for a particular choice of k ʈ h ϭ3k ʈ a . However, the dispersion relation given in Eq. ͑77͒ shows that the threshold could be significantly lower. In particular, for k ʈ Ϫ ϭk ʈ a ͑or k ʈ h ϭ2k ʈ a ͒ the threshold becomes formally zero. At this point the theory, as presented, breaks down since it has been assumed that Ӷ a . Nevertheless, it is clear that this case corresponds to a resonant decay instability, first discussed in Ref. 10 , in which an Alfvén wave and a low-frequency sound wave are excited by the initial TAE wave. The lower sideband has become resonant and the frequency and wave number matching conditions 0 ϭ 1 ϩ s , k 0 ϭk 1 ϩk s are satisfied, where ( 0 ,k 0 ) is the TAE ͑large-amplitude͒ wave and ( 1 ,k 1 ), ( s ,k s ) are the lower Alfvén sideband and the resonant sound wave, respectively.
The resonant case can be dealt with by introducing dissipation into Eq. ͑77͒. The simplest procedure for doing this is to follow Ref. 11 and include a phenomenological collision term in the low-frequency sound wave response and resistivity in the resonant Alfvén term. Thus,
where is a phenomenological collision frequency that could simulate ion Landau damping, and is the resistivity. The introduction of a phenomenological damping term for the sound waves is in the spirit of a ''proof of principle'' fluid calculation. Of course, collisionless kinetic effects are likely to be important for the damping of sound waves. However, the presence of inhomogeneity or an equilibrium flow can reduce the strength of the kinetic damping or even reverse its sign if the sound frequency is less than the diamagnetic drift frequency of the bulk ions. In any case, the present calculation is heuristic, where the principal aim is to identify the conditions when mode coupling saturation is important.
With the above replacements the threshold at resonance can be obtained making the same approximations as for the nonresonant case. The result is
͑82͒ This is larger than the uniform field result by the factor c A /c S but smaller by the factor (k ʈ r/m a ) 2 . The threshold condition given in Eq. ͑82͒ can also be written in terms of the damping rates of the Alfvén and sound waves. The Alfvén damping rate is given by
and the damping rate ␥ s of the sound wave by
Substituting Eqs. ͑83͒ and ͑84͒ into Eq. ͑82͒, we obtain
where ␥ s and ␥ A can be interpreted, for example, as due to ion Landau damping. For sound waves in an isothermal plasma, ␥ s / s ϳ1, but ␥ A / A Ӷ1 and k ʈ h k ʈ a r 2 /m a 2 Ӷ1, giving rise to even lower thresholds than the typical value given by Eq. ͑81͒.
To conclude this section let us consider the matching conditions that must be satisfied for the resonance to occur. We have seen that the resonance is given approximately by k ʈ Ϫ ϭk ʈ a , which corresponds to toroidal and poloidal mode numbers for the density perturbation n h ϭ2n a , m h ϭ2m a . We therefore assume n h ϭ2n a ϩ␦n, ͑86͒ m h ϭ2m a ϩ␦m. ͑87͒
Substituting Eqs. ͑86͒ and ͑87͒ into Eq. ͑78͒, we obtain
͑88͒
With the aid of the frequency and wave number matching conditions, we obtain ␦nϪ ␦m
For a low-␤ plasma this condition cannot be satisfied if ␦n ϭ0. However, for ␦nϭ1,
Making use of the result, qϭ(2m a ϩ1)/2n a , we find that Eq. ͑90͒ can be satisfied for c S /c A ϭ0.1, m a ϭ9, n a ϭ5 if ␦mϭ2. Similarly, for ␦nϭϪ1,
and this condition can again be satisfied for c S /c A ϭ0.1, m a ϭ10, n a ϭ5 if ␦mϭϪ2.
V. SUMMARY AND CONCLUSIONS
In this paper we have considered a mode coupling mechanism for the saturation of a TAE instability. This mechanism provides a channel for the finite-amplitude TAE wave, which obtains its energy from the fusion alpha particles, to transfer this energy to other modes of the plasma. This will occur once the TAE wave has reached the threshold amplitude for modulational instability. As a result, the amplitude of the TAE wave will saturate close to the modulational threshold level so that additional energy flowing into the TAE wave from the alpha particles will be transferred to these other fluctuations.
The mechanism of the modulational instability of a finite-amplitude TAE wave is as follows. A low-frequency density fluctuation with frequency and wave vector k h is assumed to occur at noise level. The density fluctuation beats with the TAE wave ( a ,k a ) to produce sidebands ͑ a Ϯ, k a Ϯk h ͒. In their turn, the sideband fluctuations beat with the finite-amplitude TAE wave to regenerate the original density fluctuation, thus closing the feedback loop. The nonlinear coupled equations for this process yield a nonlinear dispersion relation, given by Eq. ͑77͒, which contains a term proportional to the intensity of the TAE wave. If this amplitude is allowed to become zero, the dispersion relation reduces to the equation for linear sound waves. However, Eq. ͑77͒ shows that for k ʈ h Ͼ2k ʈ a , the frequency of the density fluctuation is downshifted to zero and the fluctuations become unstable provided the amplitude of the TAE wave exceeds the threshold given by Eq. ͑81͒ for the case k ʈ h ϭ3k ʈ a . As k ʈh →2k ʈa from above, the threshold becomes progressively lower and formally reaches zero when k ʈ h ϭ2k ʈ a , corresponding to the lower sideband becoming resonant with an Alfvén wave propagating in the opposite direction to the TAE wave. This is in fact the decay instability for which the sound wave is excited at its natural frequency. 10 The resonant case has been treated by introducing resistivity and a phenomenological collision frequency into the ideal MHD model. This allowed a finite threshold to be calculated in terms of the damping rates of the Alfvén and sound waves. Although the resonant case requires the frequency and wave number matching relations to be satisfied for the bounded system we showed that these conditions can be met for parameters relevant to present large tokamaks. A more precise calculation would need to include the details of the frequency shift of the TAE mode due to the toroidal coupling which has been neglected in the present cylindrical calculation.
The nonlinear dispersion relation given by Eq. ͑77͒ was obtained by making a number of simplifying approximations. The most important of these made use of the fact that in ideal MHD, sound waves form a continuum of singular modes. Each mode is centered on a particular flux surface and propagates along the magnetic field at the sound speed corresponding to that particular surface. The sound fluctuation has therefore been assumed to occur on the same magnetic surface as that on which the TAE mode is centered. The nonlinear dispersion relation has been obtained by assuming that the density fluctuation remains a singular mode in the presence of the TAE wave. The calculation is therefore carried out on one magnetic flux surface, thus enabling an analytic result to be obtained. The low threshold amplitude implied by this calculation suggests that the modulational instability may be a significant saturation mechanism for TAE instabilities.
In conclusion, one further observation is made, concerning the spectrum of modes of ideal MHD. The single fluid MHD system is known to be self-adjoint in the absence of equilibrium flows. In this case 2 must be real. All unstable modes ͑with 2 Ͻ0͒ always belong to the discrete spectrum since the governing differential equations have no singularities within the solution domain. When 2 Ͼ0, the Hain-Lüst equation for r has singularities only at 2 ϭ a 2 and 2 ϭ h 2 and not at 2 ϭ f ,s a ͑Appert et al. 14 ͒. In view of this, it can be concluded that two continua arise from these singularities. However, the continuous spectrum associated with ideal MHD arises from all the singular points of the system and not merely those at the Hain-Lüst singularities. We thus find that at 2 ϭ f ,s 2 a new class of Case-Van Kampen 16 continua is obtained, as suggested by Grad. 15 The new CaseVan Kampen continua arise in Eqs. ͑25͒ and ͑26͒ when D ϭ0, i.e. when 2 ϭ f ,s 2 . These can, in principle, have important new consequences, not only for the modulational instability problem discussed in the present paper, but also, more generally, for continuum damping of TAEs, Alfvén wave heating, etc. The theory of these new continua and their consequences will be considered in later work.
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